In this paper the concept of unbounded Fredholm operators on Hilbert C *modules over an arbitrary C * -algebra is discussed and the Atkinson theorem is generalized for bounded and unbounded Feredholm operators on Hilbert C * -modules over C * -algebras of compact operators. It is shown that the index of an unbounded Fredholm operator and its bounded transform are the same.
operator may fail to possess an adjoint (cf. [7] ). How ever, if E is a Hilbert C * -module over the C * -algebra K of all compact operators on a Hilbert space, then it is known that each bounded K-linear operator on E is necessarily adjointable (see for example [2] , remark 5).
Given elements x, y ∈ E we define Θ x,y : E −→ E by Θ x,y (z) = x y, z for each z ∈ E, then Θ x,y ∈ B(E), with (Θ x,y ) * = Θ y,x . The closure of the span of {Θ x,y : x, y ∈ E} in B(E) is denoted by K(E) and elements from this set will be referred to as A-compact operators.
In various contexts that the Hilbert C * -modules arise, one also needs to study "unbounded adjointable operators" or what are now know as regular operators. These were first introduced by Bajj and Julg in [1] where they gave a nice construction of Kasparov bimodules in KK-theory using regular operators, Lance gave a brief indication in his book [7] about Hilbert modules and regular operators on them. Let us quickly recall the definition of a regular operator. An operator T from a Hilbert A-module E to E is said to be regular if i. T is closed and densely defined,
ii. its adjoint T * is also densely defined, and
iii . range of 1 + T * T is dense in E.
Note that as we set A = C i.e. if we take E to be Hilbert space, then this is exactly the definition of a closed operator, except that in that case, both the second and third condition follow from the first one. Before starting the other parts let us fix the rest of our notation.
Convention.Throughout the paper K = K(H) will be the C * -algebra of all compact operators on a Hilbert space H and A will be an arbitrary C * -algebra (not necessarily unital).
In this paper we will deal with bounded and unbounded operators at the same time. To simplify notation we will, as a general rule, denote bounded operators by capital letters and unbounded operators by small letters, also we will use Dom(.) for domain of unbounded operators. We use Ran for range of operators.
Preliminaries on bounded and unbounded Fredholm operators.
In this section we would like to recall some definitions and present a few simple facts about unbounded regular operators and their bounded transforms and then we will prove that a regular operator is Fredholm if and only if its bounded transform is a Fredholm operator.
where Dom(t) is dense submodule of E. We define
this is the domain of a closed A-linear operator t * : Dom(t * ) ⊆ E −→ E uniquely determined by tx, y = x, t * y f or all x ∈ Dom(t) , y ∈ Dom(t * ).
1. An operator t as above is called regular if t * is densely defined and 1 + t * t has dense range. The set of all regular operators on E is denoted by R(E).
If t is regular operator so are t * and t * t, moreover t * * = t and t * t is self adjoint (cf. [7] corollary 9.4, 9.6 and proposition 9.9), and also we can define
then F t , Q t and tQ 2 t are in B(E) and Ran Q t = Dom(t). The map t −→ F t defines a bijection (cf. [7] , theorem 10.4)
This map is adjoint-preserving i.e. F * t = F t * and F t = tQ t = t(1 + t * t) −1/2 is called the bounded transform of a regular operator t. Moreover we have
Recall that the composition of two regular operator t, s ∈ R(E) is the unbounded operator ts with Dom(ts) = {x ∈ Dom(s) : sx ∈ Dom(t)} given by (ts)x = t(sx) for all x ∈ Dom(ts).
Note that in general the composition of regular operators will not be a regular operator.
Recall that a bounded operator T ∈ B(E) is said to be Fredholm (or A-Fredholm) if it has a pseudo left as well as pseudo right inverse i.e. there are S 1 , S 2 ∈ B(E) such that S 1 T = 1 mod K(E) and T S 2 = 1 mod K(E). This is equivalent to say that there exist
For more details about bounded Fredholm operators on an arbitrary Hilbert C * -modules and their applications one can see [4] , [5] . The theory of unbounded Fredolm operators on Hilbert spaces and standard Hilbert A-module ℓ 2 (A) are discussed in [3] and [6] respectively. This motivate us to study such operators on general Hilbert C * -modules as following: Remark 2.3. Let t be a regular operator on an arbitrary Hilbert A-module E and F t and Q t be as in † then one can see that
.F t for any polynomial p and, hence by continuity, for any p in C([0, 1]). In particular,
When we are dealing with Fredholm operators, a useful connection between unbounded operators and their bounded transforms can be seen by the following result. Proof. Following the argument of Joachim in [6] . Let F t be Fredholm, so it has a pseudo left inverse, i.e. there is G ∈ B(E) and K ∈ K(E) such that GF t = 1 + K. Since t is regular so is
Since t is regular we have that (
t has a pseudo right inverse. Thus t is a Fredholm operator.
Conversely, let us assume that t is Fredholm, and G ∈ B(E) and K ∈ K(E) be such that
In fact we need to check that the operator G • (1 + tt * ) 1/2 has a bounded extension. To see this we first notice that the operator is densely defined, which follows from the fact that 1 + tt * is densely defined; actually we have Dom(G(1 + tt * ) 1/2 ) = Dom( (1 + tt * ) 1/2 ) = Dom(t * ) (see the proof of the theorem 10.4 in [7] ). We have to check that G ′ is bounded on its domain.
This follows from the following calculation, valid for x ∈ Dom( (1 + tt * ) 1/2 ) = Dom(t * )
now by Cauchy-Schwarz inequality we have
Thus F t has pseudo left inverse.
To see that F t has a pseudo right inverse let G be a pseudo right inverse of t, i.e. we assume there is K ∈ K(E) such that tG = 1+K. Similarly as above we obtain a formal pseudo right inverse for F t by G ′ = (1 + t * t) 1/2 G; again we have to show that it has a bounded closure.
This follows from the following calculation, valid for x ∈ Dom((1 + t * t) 1/2 G) = Dom(tG)
Thus F t has a pseudo right inverse.
3. Bounded Fredholm operators on Hilbert C * -modules over C * -algebras of compact operators
In this section we introduce a concept of an orthonormal basis for Hilbert C * -modules and then we briefly discuss bounded Fredholm operators in Hilbert K-modules. For this aim we borrow some definitions from [2] .
Let E be a Hilbert A-module, a system (x λ ), λ ∈ Λ in E is orthonormal if each x λ is a basic vector (i.e. e = x λ , x λ is minimal projection in A ) and x λ , x µ = 0 for all λ = µ. An orthonormal system (x λ ) in E is said to be an orthonormal basis for E if it generates a dense submodule of E. Immediately previous definition implies that if x ∈ E satisfies x, x = e for some projection (not necessarily minimal) e ∈ A then ex − x, ex − x = 0 so ex = x.
In particular, the same is true for all basic vectors in E. Note that every two orthonormal bases of E have the same cardinal number (see [2] ). Proof. Cf. [2] , theorem 5 and theorem 6.
Remark 3.4. Let E be a Hilbert K-module and X be a closed submodule in E. It is well known that X is orthogonally complemented in E i.e. E = X X ⊥ (cf. [8] ). if there is a sequence of unit elements x n in (Ker T ) ⊥ such that lim n→∞ T x n = 0. This fact will be used in the following theorem. To prove that range of T is closed it is enough to show that T | (Ker T ) ⊥ is bounded from below.
Suppose the opposite. Then there exist a sequence of unit elements (x n ) ∈ (Ker T ) ⊥ such that lim n→∞ T x n = 0. This implies lim n→∞ T (ex n ) = e lim n→∞ T x n = 0 and since (ex n ) ∈ (Ker Ψ(T )) ⊥ and range of Ψ(T ) is closed we obtain a contradiction. The converse is proved in exactly the same way. Let E be a Hilbert K-module. We recall that a densely defined closed operator t :
is said to be regular if t * is densely defined and 1 + t * t has dense range, moreover
In this section we are going to prove the Atkinson theorem for unbounded regular Fredholm operators. Proof. Let (x n ) be a sequence in Ker t and x n −→ x, then t(x n ) = 0 , ∀ n ∈ N. Therefore x n −→ x and t(x n ) −→ 0. It follows, by the closedness of t, that x ∈ Dom(t) and tx = 0, that is x ∈ Ker t and so Ker t is closed. Since t is regular, so is t * and similarly Ker t * is closed submodule of E. Proof. (i) Recall that F t = tQ t and Ran Q t = Dom(t) then Ran t = Ran F t . Since t is regular and so is t * , thus Ran t * = Ran F t * .
(ii) We notice that y ∈ Ker t * if and only if tx, y = x, 0 = 0 for all x ∈ Dom(t), or if and only if y ∈ (Ran t) ⊥ . Thus we have Ker t * = (Ran t) ⊥ . The second equality follows from the first equality and corollary 9.4 of [7] .
(iii) By theorem 15.3.5 of [10] we have Ker F t * = (Ran F t ) ⊥ and therefore Ker F t * = (Ran F t ) ⊥ = (Ran t) ⊥ = Ker t * .
Similarly we have Ker F t = Ker t. Now we are ready to prove the main theorem of this paper: Theorem 4.3. Let E be a Hilbert K-module and t be a regular operator on E. Then t is Fredholm if and only if the range of t is a closed submodule of E and both dim K Ker t , dim K Ker t * are finite.
Proof. By lemma 4.2, we have dim K Ker t = dim K Ker F t , dim K Ker t * = dim K Ker F t * and since Ran t = Ran F t , the statement follow immediately from theorem 2.4, and theorem 3.7 .
Let t be a regular Fredholm operator on Hilbert K-module E then we can define index of t formally, i.e. we can define: ind t = dim K Ker t − dim K Ker t * and since dim K Ker t = dim K Ker F t , dim K Ker t * = dim K Ker F t * we have ind t = ind F t .
